Introduction
This paper addresses the well-studied problem of the existence of complex a priori bounds in the dynamics of quadratic polynomials. By definition, an infinitely renormalizable quadratic map f has such bounds if there exists a lower bound y &#x3E; 0 such that for every n E N the renormalization Rn f has a quadratic-like extension U ~ V whose fundamental annulus V B U has modulus at least J1. The purpose of establishing such bounds is two-fold: they were originally introduced by Sullivan [Sull, Sul2, MvS] as a compactness condition for the one-dimensional renormalization theory; on the other hand the geometric control they give leads to rigidity results, such as JLC, and MLC (see e.g. [Lyu4] [Sul2, MvS] , in the works [Lyu3, LvS, LY, GS] : THEOREM 1.1. -There exists f.1 &#x3E; 0 such that for every infinitely renormalizable real quadratic polynomial f and every n E N the renormalization 7Zn f has a quadratic-like extension with modulus at least f.1.
In §2 we discuss the history of the proof in some detail, and, in particular, introduce the combinatorial condition of essentially bounded type, which was the subject of study in [LY] . In this paper we give a new treatment to polynomials satisfying this condition. Our approach is to consider them as small perturbations of parabolic maps, and use the rigidity properties of such maps to pass from real a priori bounds to complex ones. A particularly simple proof of complex bounds for parabolic maps is due to Petersen in the case of critical circle maps (see [EY] ). Slightly more work has to be done to get bounds for quadratics (partly because the combinatorics is more complex) -however, the resulting argument is "soft", as opposed to a "hard" analytic proof given in [LY] . We note, that our proof accomplishes less than that of [LY] , yet enough to replace the result of that paper.
Having such a geometric proof is interesting in itself, and draws an instructive parallel with the critical circle maps case. The study of geometric limits of renormalizations of quadratic-like maps with essentially bounded type was carried out by Hinkle [Hin] , based on the a priori bounds of [LY] .
Such limits are represented by towers of quadratic-like maps, similar to McMullen towers [McM2] , but with parabolic elements. It is worth noting, that using our argument, we can replace the study of these towers by the analysis of the appropriate bi-infinite Epstein towers [Ep] , similarly to the way the analysis in [EY] replaces [Ya] . It The knowledge of the theory of parabolic bifurcation in one dimension will be assumed throughout this paper. As a general reference, we recommend the paper [Sh] ; all the relevant facts may be found there. In addition, a detailed study of the properties of Écalle-Voronin maps was carried out in the dissertation [Ep] , which may also be of interest to a reader of this work.
.We will also assume that the reader is familiar with the subject of renormalization of unimodal and quadratic-like maps. We will generally follow the notation of [LY, Lyu6, Hin] . In [Lyu6] . In this chapter we will briefly recall the definition of the essential period of a renormalizable unimodal map, and discuss an example of an infinitely renormalizable unimodal map with essentially bounded combinatorics. We will follow the above mentioned work of Lyubich, and a detailed paper of Hinkle [Hin] . Let [GS] , and Levin &#x26; van Strien [LvS] . In Bf-1 1 (and hence the domain W = 03C0R,f-1(Bof-1)) is geometrically bounded, and enclose it with an annulus of a definite modulus. We will then find a conformal preimage of this annulus inside a fundamental annulus for h f.
The restriction on the period of parabolics in Lfî-implies that h belongs to one of finitely many topological classes. We are actually able to show that it belongs to one of finitely many K-quasiconformal classes with a certain universal constant K &#x3E; 1 (which is, obviously, a stronger statement than the existence of a quadratic-like restriction with a definite modulus). To do this, we apply a modified pull-back argument, along the lines of [EY] , to quasiconformally conjugate our map to a fixed Ecalle-Voronin map. [EY] where the relevant definition is given and a similar construction is carried out. The pull-back argument of [EY] 
